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Problem 1.50

(a) Let F1 = x2ẑ and F2 = xx̂+ yŷ + zẑ. Calculate the divergence and curl of F1 and F2.
Which one can be written as the gradient of a scalar? Find a scalar potential that does the
job. Which one can be written as the curl of a vector? Find a suitable vector potential.

(b) Show that F3 = yzx̂+ zxŷ + xyẑ can be written both as the gradient of a scalar and as the
curl of a vector. Find scalar and vector potentials for this function.

Solution

The divergence and curl of F1 = ⟨0, 0, x2⟩ are respectively

∇ · F1 =
∂

∂x
(0) +

∂

∂y
(0) +

∂

∂z
(x2) = (0) + (0) + (0) = 0

∇× F1 =

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

∂
∂x

∂
∂y

∂
∂z

0 0 x2

∣∣∣∣∣∣∣∣
= x̂

[
∂

∂y
(x2)− ∂

∂z
(0)

]
− ŷ

[
∂

∂x
(x2)− ∂

∂z
(0)

]
+ ẑ

[
∂

∂x
(0)− ∂

∂y
(0)

]
= x̂ [(0)− (0)]− ŷ [(2x)− (0)] + ẑ [(0)− (0)]

= −2xŷ.

Because the divergence is zero, there exists a vector potential function A1 such that F1 = ∇×A1.

x2ẑ =

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

∂
∂x

∂
∂y

∂
∂z

Ax Ay Az

∣∣∣∣∣∣∣∣ = x̂

(
∂Az

∂y
− ∂Ay

∂z

)
− ŷ

(
∂Az

∂x
− ∂Ax

∂z

)
+ ẑ

(
∂Ay

∂x
− ∂Ax

∂y

)

For simplicity, choose Ax = 0 and Ay = x3/3 and Az = 0: A1 = (x3/3)ŷ. The divergence and curl
of F2 = ⟨x, y, z⟩ are respectively

∇ · F2 =
∂

∂x
(x) +

∂

∂y
(y) +

∂

∂z
(z) = (1) + (1) + (1) = 3

∇× F2 =

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

∂
∂x

∂
∂y

∂
∂z

x y z

∣∣∣∣∣∣∣∣
= x̂

[
∂

∂y
(z)− ∂

∂z
(y)

]
− ŷ

[
∂

∂x
(z)− ∂

∂z
(x)

]
+ ẑ

[
∂

∂x
(y)− ∂

∂y
(x)

]
= x̂ [(0)− (0)]− ŷ [(0)− (0)] + ẑ [(0)− (0)]

= 0.

www.stemjock.com



Griffiths Electrodynamics 5e: Problem 1.50 Page 2 of 2

Because the curl is zero, there exists a scalar potential function −ϕ2 such that F2 = −∇ϕ2.

⟨x, y, z⟩ = −
〈
∂ϕ2

∂x
,
∂ϕ2

∂y
,
∂ϕ2

∂z

〉
For simplicity, choose ϕ2(x, y, z) = −x2/2− y2/2− z2/2. The divergence and curl of
F3 = ⟨yz, zx, xy⟩ are respectively

∇ · F3 =
∂

∂x
(yz) +

∂

∂y
(zx) +

∂

∂z
(xy) = (0) + (0) + (0) = 0

∇× F3 =

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

∂
∂x

∂
∂y

∂
∂z

yz zx xy

∣∣∣∣∣∣∣∣
= x̂

[
∂

∂y
(xy)− ∂

∂z
(zx)

]
− ŷ

[
∂

∂x
(xy)− ∂

∂z
(yz)

]
+ ẑ

[
∂

∂x
(zx)− ∂

∂y
(yz)

]
= x̂ [(x)− (x)]− ŷ [(y)− (y)] + ẑ [(z)− (z)]

= 0.

Because the divergence and curl of F3 are zero, there exist scalar and vector potential functions,
−ϕ3 and A3, such that F3 = −∇ϕ3 and F3 = ∇×A3.

⟨yz, xz, xy⟩ = −
〈
∂ϕ3

∂x
,
∂ϕ3

∂y
,
∂ϕ3

∂z

〉

yz x̂+ xz ŷ + xy ẑ =

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

∂
∂x

∂
∂y

∂
∂z

Ax Ay Az

∣∣∣∣∣∣∣∣ = x̂

(
∂Az

∂y
− ∂Ay

∂z

)
− ŷ

(
∂Az

∂x
− ∂Ax

∂z

)
+ ẑ

(
∂Ay

∂x
− ∂Ax

∂y

)

For simplicity, choose

ϕ3(x, y, z) = −xyz

A3 =
1

2
xz2x̂+

1

2
x2yŷ +

1

2
y2zẑ.
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